Purpose: The goal of this study was to investigate with what accuracy the Zernike and Fourier reconstruction algorithms can describe the corneal aberration in normal and abnormal eyes.
Conclusions: For all conditions tested, the Zernike method out-performed the Fourier method when representing the corneal aberration in topography maps.
Even 5
th order Zernike polynomials were enough to out-perform the Fourier method in all populations. Up to 9 th order Zernike modes may be required to accurately describe the corneal aberration in some abnormal eyes.
Introduction:
For nearly 30 years, the eye's wavefront aberration has been objectively measured using a number of different aberrometry techniques. [1] [2] [3] [4] Since then, it has become necessary to express the eye's aberration mathematically to facilitate application of the technology clinically. The Zernike polynomials, an orthogonal base function used to describe optical systems with circular pupils, have thus far fulfilled this need. 5 In 2001, Porter showed through a principal components analysis that the Zernike polynomials efficiently described the eye's wavefront aberration. 6 Although they did demonstrate that the Zernike fitting was not perfect and that it resulted in residual root mean square (RMS) error, the amount was undefined and uncorrelated to the number of modes used.
Despite previous acceptance of the Zernike polynomials, there has been recent scrutiny concerning the accuracy with which they can represent the total ocular wave aberration, especially in abnormal eyes such as those having keratoconus, penetrating keratoplasty, or severe trauma. [7] [8] [9] [10] In 2003 Smolek et.
al. showed that the corneal fit error of the Zernike polynomials strongly correlated with visual acuity. 9 They concluded from this that the polynomials did not fully characterize the surface features that affect vision. They also observed an unpredictable increase in wavefront error when using a larger expansion series their concern with respect to using Zernike polynomials in surgical or pathological eyes. They found that using Zernike polynomials in normal eyes was acceptable, but that moderate to severe amounts of higher-order aberration caused significant fit error and an underestimation of the total higher-order corneal aberration present. 10 Other methods including zonal reconstruction using bi-cubic splines and use of a Fourier series have been suggested as alternatives for representation of the wave aberration in eyes. 11, 12 Of these, the Fourier series has become of particular interest recently. Like the Zernike polynomials, the Fourier series is an infinite expansion that can be used to represent any complex shape (including a wave aberration) by breaking it into its frequency components. Previous studies The purpose of this study was to investigate the relative accuracy with which the Zernike polynomials and Fourier series can represent the corneal surface aberration in both normal and abnormal eyes.
Methods:

Zernike and Fourier Reconstructions
Since there is no gold standard to represent the total ocular aberration perfectly, corneal topography data was used as a reference. Using an Orbscan IIz (Bausch & Lomb, Rochester, NY) videokeratographer, corneal topography maps were acquired on 87 normal, 27 keratoconic, 9 penetrating keratoplasty, and 20 post-LASIK symptomatic eyes. Careful attention was given to ensuring that no data points were missing within a 6.0 mm pupil before proceeding.
Sampling resolution of the topography measurements was 100 µm. For each measurement, the raw placido data was converted to an elevation matrix by subtracting each data point from a best fit sphere as calculated by the manufacturer's software. Data points outside a 6.0 mm pupil were forced to zero. The processing method is illustrated in Figure 1 . For each map, the elevation matrix was first re-sampled at 100, 300, and 500 µm resolutions by averaging the elevation across adjacent pixels. This was done to simulate the sampling that would typically be observed from Shack-Hartmann wavefront sensors with comparable lenslet spacings. Two matrices of x-and y-slopes were generated from the elevation matrix by using MATLAB's 'gradient' function, which calculates slope based on the first order central difference. Since the wavefront slopes were computed from the elevation matrix for each lenslet size before applying the two reconstruction methods, both algorithms used the exact same wavefront slope data as a starting point.
A conventional Zernike reconstruction algorithm that works from wavefront slopes 3 was applied to each pair of x-and y-slope matrices to produce a reconstructed map with the same resolution as the originally sampled elevation map. This was first done using only 1 Zernike mode, then 2, 3, etc. In each successive reconstruction, one additional Zernike mode was used until 130
Zernike modes (15th order) were used to reconstruct the wavefront. Each new wavefront map generated was directly compared to the originally sampled wavefront and the residual root mean square (RMS) error between the original and reconstructed map was recorded. When the 300 and 500 µm resolution reconstructed wavefront maps were generated, the RMS error calculation was based on the number of data points in those maps, and not on the number present in the original wavefront map. Ultimately, for each eye the Zernike analysis resulted in three plots (one at each simulated lenslet spacing -100, 300, 500 µm) of RMS difference between original and reconstructed wavefronts versus the number of Zernike modes used. The residual RMS error as a function of the number of Zernike modes used was averaged across each population.
An iterative Fourier algorithm that works from wavefront slope data 12 was also used to reconstruct each sampled elevation map from the exact same pair of x-and y-slope matrices used for the Zernike reconstruction. First, a discrete Fourier transform was taken over a 6 x 6 mm square array containing the x-and y-slope matrices so that they were expressed as functions of u and v, respectively. The Fourier transform of the x-slope was multiplied by u and that of the y-slope by v. After adding the results, the inverse Fourier transform was computed to produce a wavefront estimate. For simplicity, this process was iterated six times for each eye to ensure convergence and minimize error (a separate test showed that more iterations did not significantly decrease error any further). Since there are no modes in the Fourier algorithm, only one reconstruction per patient was required. Each reconstructed elevation map consisted of the same number of sampling points as the original sampled elevation map, which may also be thought of as the number of lenslets within a given pupil diameter. The reconstructed elevation map was subtracted from the originally sampled elevation map and the residual RMS error was measured.
Validation of Fourier Reconstruction Algorithm
In 1991 Roddier published a method of reconstructing wavefronts based on iterative Fourier transforms (discussed further below). 12 Data from his work was used to validate our own implementation. In his paper, primary spherical aberration was used as the input function. The same exact test was used in our study, and the results are shown in Figure 2 . Although the input function and the reconstructed waveform differed slightly peripherally (discussed later), our algorithm appeared to perform as well or better than the original Roddier simulation from 1991.
Condition Number Calculation
As described elsewhere, 3, 14 Given a fixed number of sampling points, the condition number will increase with the increasing number of Zernike polynomials chosen to represent the wavefront. It is important to note that this relationship is not linear and will not be identical for every patient because error in reconstructed wavefronts depends on the amount of aberration each subject has. In other words, there is no constant relationship between the absolute value of the condition number and reconstruction accuracy.
To evaluate the SVD calculation, four conditions were tested: 277, 145, 89, and 61 sampling points, which corresponded to sampling resolutions of 300, 400, 500, and 600 µm over a 6.0mm pupil, respectively. For each fixed number of sampling points, the condition number of the matrix was calculated using varying numbers of Zernike modes (from 45 to 140). A plot was constructed to illustrate the relationship between condition number and number of Zernike modes used ( Figure 3) .
Results:
Reliability of Zernike and Fourier Reconstructions
The results from studying reliability of the Zernike reconstruction algorithm are displayed in Figure 4 . For all four of the populations studied, the residual RMS error in reconstruction decreased logarithmically as the number of Zernike modes used in the reconstruction increased. This was especially true when the wavefront was sampled at resolutions of 100 and 300 µm. The Zernike reconstruction algorithm was more efficient (obtained good representation with fewer modes) in its ability to reconstruct wavefronts from normal eyes than abnormal eyes. For both 100 and 300 µm resolution wavefront maps, the Zernike method was most efficient in reconstructing eyes from the normal population and least accurate with regards to PKP eyes. For wavefront reconstructions at a resolution of 500 µm, the trend was less consistent.
Although the reconstruction error did decrease initially with increasing Zernike modes, the trend destabilized and eventually began to increase as the number of Zernike modes used for the reconstruction became greater than 70 modes.
Interestingly, the only population that did not destabilize at this resolution of 500 µm was the symptomatic LASIK post-op group.
Resolution used with the Fourier method was not manipulated and was directly determined by the sampling resolution. The sampling resolutions used with the Fourier method may be thought of as three different lenslet sizes (100, 300, and 500 µm). Results from studying reliability of the Fourier reconstruction algorithm are shown in Figure 5 . The residual RMS error from the Fourier reconstruction is compared to the error resulting from the Zernike method when it was performing at its best (i.e. the lowest stable residual RMS error for each population and resolution was chosen to represent the performance of the Zernike algorithm at each of the tested conditions). For the Zernike method, the residual RMS reconstruction error decreased as the sampling resolution of the original elevation map increased. This trend was statistically significant for the normal population (p < 0.01), but not for any of the others. For the Fourier method, as the sampling resolution became less fine, reconstruction error actually decreased; however, the observation was not statistically significant.
Both methods were best at representing wavefronts from the normal population while abnormal eyes had significantly larger errors. Regardless of the resolution used or population measured, the Zernike reconstruction algorithm appeared to out-perform the Fourier method (p < 0.01). In fact, only fifth order Zernike modes (20 terms excluding piston) were required to outperform the Fourier method at every condition tested; more Zernike modes resulted in even greater accuracy.
Discussion:
In this study, we have used simulated wavefront slope data to reconstruct corneal shapes using both Zernike and iterative Fourier algorithms. Klyce used a surface based reconstruction algorithm that fitted the original elevation map directly with the Zernike polynomials. In contrast, the study presented here decomposed the original elevation matrix into two matrices of xand y-slopes first, then proceeded to reconstruct a wavefront map from these two matrices. We chose this method because it is most similar to how ophthalmic wavefront sensors calculate the wavefront error when measuring an eye's aberration. The original surface of the wavefront error is never truly known, and so a wavefront aberrometer is forced to reconstruct the surface from an array of x-and y-slopes as measured by a lenslet array.
Despite the difference in methods above, Smolek et. al. drew similar conclusions to those presented here. 9 They showed that using 10 th order
Zernike modes to reconstruct corneal topography maps lead to decreased "elevation fit error" when compared to using only 4 th order terms. This means that the 4 th order Zernike reconstruction must have left some amount of higher order aberration unaccounted for; when up to 10 th order terms were included, the true (albeit increased) wavefront error became apparent and the residual error left between the reconstructed and original maps decreased. This finding is consistent with results from our study, which showed that residual RMS error decreased as the number of Zernike modes used in the reconstruction increased order Zernike modes were not enough to produce a PSF identical to that derived from the Fourier method. It is important to recognize that the raw data from which the Fourier based PSF was derived had over 51,000 data points. When the PSF was generated directly via a Fourier transform, the transform used all of the data points. However, the PSF generated from the Zernike polynomials (up to 30 th order) was constructed from only 496 terms. If the number of Zernike modes used had been significantly more than the 30 th order, the PSF might have more closely represented that produced using the Fourier algorithm. Using so many Zernike polynomials also would have been prohibitively time consuming, as they pointed out. However, most of the time required for wavefront fit is used to compute the SVD of the matrix including Zernike polynomials described earlier.
This can be pre-computed once for a certain pupil size, which obviates the time constraint noted with the Zernike method. Dai's 2006 study directly comparing Zernike and Fourier algorithms is unique in that it is the first to use wavefront slope fitting -the same method used by most commercially available wavefront sensors. 13 Despite using the same exact method in the study presented here, our conclusions are opposite those proposed by Dai. There are several reasons for this discrepancy. First, Dai used randomly generated wavefront aberration maps to test reconstruction performance, whereas real corneal topography maps acquired from normal and abnormal eyes were used in our study. Perhaps most importantly, Dai's wavefront aberration maps were generated over a 10mm pupil, but reconstruction performance was only based on each algorithm's respective ability to represent the central 6mm. It is impractical to measure wavefront slope over a 10mm pupil clinically, therefore true reconstruction performance should be based on a smaller reference pupil size.
The effects of peripheral reconstruction error in the Fourier algorithm can be understood better by studying Figure 6 . In this example, a typical keratoconic corneal topography map over which 8mm data was available was used. First, reconstruction performance was assessed exactly as described previously for the study, meaning that the raw topography data for only the central 6mm was used to reconstruct the wavefront for the 6mm cornea and reconstruction error was evaluated for the 6mm pupil. Afterwards, reconstruction performance was evaluated as described by Dai -the same raw data was used, but instead the 8mm cornea was used to reconstruct the wavefront for the 8mm cornea. After reconstruction, reconstruction error was only based on the central 6mm.
For the Fourier algorithm, reconstruction performance was poor when wavefront reconstruction for the 6mm cornea was done from the 6mm topography data; however, reconstruction error for the same 6mm cornea was reduced by approximately 73% when the reconstruction was performed from the 8mm corneal topography data. This indicates that larger topography data is required to reduce edge effect of the Fourier algorithm. In the case of the Zernike algorithm, reconstruction performance for the 6mm cornea actually worsened by more than a factor of three when it was based on the 8mm topography data.
This may be because the algorithm was used to best fit the entire 8mm pupil (not just the central 6mm), which required that it sacrifice some performance centrally in order to better fit large aberrations peripherally.
Two parameters that may be especially helpful to clinicians are the number of Zernike modes needed to accurately represent the wavefront and the number of terms needed to optimally represent the wavefront. For the sake of discussion, we have defined accurate representation of the wavefront as the number of Zernike modes needed to achieve a residual RMS error less than 1/10 of a diopter, or approximately 0.13 µm for a 6.00 mm pupil. Optimal wavefront reconstruction was defined as the number of Zernike modes needed to produce the lowest RMS error possible. Table 1 displays the number of Zernike modes needed for accurate and optimal representation for each of the four populations tested when the sampling resolution is 300 µm.
Disadvantages of Zernike and Fourier Reconstruction Methods
Each method of reconstructing the corneal shapes had its respective disadvantages. These are best illustrated in Figure 7 . In this figure, the Zernike reconstruction algorithm was used to reconstruct a map consisting of exactly 1 µm of horizontal coma. The resolution of the original image was 300 µm and the algorithm was run once using 228 Zernike modes, corresponding to approximately 20 th order, and a second time using 229 Zernike modes. The reconstructed map and residual RMS (original -reconstructed) are shown.
When 228 modes were used, the reconstructed map closely resembled the original one and residual error was negligibly small. When 229 modes were used, the reconstructed map was grossly miscalculated, and the residual RMS error was ten orders of magnitude higher than that of the 228 mode case. The example demonstrates that good reconstruction can be obtained as long as the number of modes used is carefully chosen. Attempting to use too many Zernike modes when resolution is limited by a large lenslet spacing will cause large errors in reconstruction and inaccurate results.
The errors in reconstruction described above can be explained mathematically by the condition number (described above), which varies as a function the number of modes used. Figure 3 illustrates that the condition number increased slowly when the number of lenslets was substantially larger than the number of Zernike coefficients being calculated in the reconstruction.
Since the matrix including the 1st derivatives of each Zernike polynomial with respect to x and y was well-conditioned under these conditions, the Zernike coefficients (and thus reconstruction accuracy) were reliable. However, when the number of lenslets was approximately the same or smaller than the number of Zernike coefficients calculated, the condition number dramatically increased. In this situation, the matrix was ill-conditioned. This resulted in unreliable Zernike coefficients and large reconstruction error.
Roddier presented the iterative Fourier algorithm in 1991. 12 In his paper, he reconstructed a two dimensional representation of spherical aberration using the algorithm and revealed one disadvantage of Fourier based reconstruction.
Although the Fourier method has good reconstruction centrally, most of the residual RMS error comes from poor reconstruction ability along the periphery.
His findings are consistent with our own, shown previously in Figure 6 . Namely, when the sizes of the reference pupil and the reconstructed wavefront map are equal, larger peripheral error results. Again, this may be due to the sharp delineation between the border of the pupil and the points outside that pupil.
One way of reducing this error would be to acquire data over a larger diameter than the area of interest.
Despite the finding that the Zernike algorithm is superior to Fourier when reconstructing wavefront aberrations from slope data, the Fourier method does have some advantages. For instance, when the pupil is not circular, the Zernike polynomials cannot be used since they are defined about a circular aperture.
Second, the Fourier method may be better at representing extremely high frequency wavefront slopes, such as those caused by tear film or corneal scar.
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It is also well-established that Fourier based algorithms are faster to implement computationally, 10 though this fact becomes less relevant as the speed of computers increase.
Conclusions:
The Zernike reconstruction algorithm can outperform the iterative Fourier method when representing shapes that are similar to those obtained from wavefront aberrometers. This is true in both normal and abnormal eyes. For the sampling resolutions and pupil size tested here, the best reconstruction occurs when the number of Zernike modes used is roughly one half the number of sampling points (lenslets) in the original image. Obtaining higher resolution data (i.e. by using aberrometers with small lenslet spacings) minimizes residual reconstruction error further, but sacrifices the dynamic range of the wavefront sensor. Careful selection of the number of modes used will ensure good reconstruction performance.
